The purpose of this paper is to interpret polynomial invariants of strongly invertible links in terms of Khovanov homology theory. To a divide, that is a proper generic immersion of a finite number of copies of the unit interval and circles in a 2-disc, one can associate a strongly invertible link in the 3-sphere. This can be generalized to signed divides : divides with + or ¡ sign assignment to each crossing point. Conversely, to any link L that is strongly invertible for an involution j , one can associate a signed divide. Two strongly invertible links that are isotopic through an isotopy respecting the involution are called strongly equivalent. Such isotopies give rise to moves on divides. In a previous paper of the author [2], one can find an exhaustive list of moves that preserves strong equivalence, together with a polynomial invariant for these moves, giving therefore an invariant for strong equivalence of the associated strongly invertible links. We prove in this paper that this polynomial can be seen as the graded Euler characteristic of a graded complex of vector spaces. Homology of such complexes is invariant for the moves on divides and so is invariant through strong equivalence of strongly invertible links. 57M27
1 Divides and OMS-divides.
Divides and links of divides.
A divide of the unit 2-disc D Moreover, we will simply denote Γ instead of ÔΓ, ǫÕ if no ambiguity occurs in the context.
M-equivalence for OMS-divides.
Two OMS-divides Γ and Γ ½ are M-equivalent if we obtain one from the other by isotopy through OMS-divides and a finite sequence of the moves described on Figure 1 .3 or symmetric situations with respect to horizontal and vertical directions (see [2] ): Let j be an orientation preserving involution of S 3 with non empty fix point set i.e. FixÔjÕ is trivial knot according to the solution of Smith conjecture [4] ¨. An oriented link L S 3 is j -strongly invertible if j sends L to itself with opposite orientation. The couple ÔL, jÕ is called a strongly invertible link. With the link of an OMS-divide, we implicitly associate natural orientation and involution jÔp, vÕ Ôp, ¡vÕ as in Section 1.1: such a link is strongly invertible. Two strongly invertible links ÔL, jÕ and ÔL ½ , j ½ Õ are called strongly equivalent 1 if there exists and isotopy ϕ t , t È Ö0, 1× of S 3 sending L to L ½ such that ϕ 1 ¥ j j ½ ¥ ϕ 1 . One can easily prove that M-equivalent OMS-divides give rise to strongly equivalent strongly invertible links. Conversely, let's recall the following crucial theorem relating OMS-divides with strongly invertible links.
Theorem 1.2. [2]
1. Every strongly invertible link is strongly equivalent to the link of an OMS-divide.
The links of two OMS-divides are strongly equivalent if and only if the OMS-divides are M-equivalent.
2 The polynomial of an OMS-divide.
Let's denote by Θ 0 and Θ 1 the local splittings of an OMS-divide ÔΓ, ǫÕ in a neighborhood of a double point or vertical tangent point described in Figure 2 .1 (Θ 0 "smoothes" the OMS-divide whereas Θ 1 introduces horizontal cusps). One can define a j -strongly invertible link L Γ , ǫ¨associated with a cuspidal divide ÔΓ, ǫÕ exactly in the same way we have done for OMS-divide. However, such a link is generally unoriented precisely because of the introduction of cusps. Each local splitting at a double point of ÔΓ, ǫÕ corresponds to simultaneously smoothing two symmetric crossing points of the corresponding representative closed braid diagram of LÔΓ , ǫÕ (see [3] ) whereas each local splitting at a vertical tangent point corresponds to smoothing a crossing point through the axis of the inversion j (see Figure 2. 2). Let Γ : ÔΓ, ǫÕ be an OMS-divide. Let n n n ¡ n 0 be the number of singular points of Γ where n , n ¡ are respectively the numbers of positive and negative double points, and n 0 the number of vertical tangent points. Let's call:
the writhe of Γ (i.e. the writhe of the representative closed braid diagram of LÔΓ , ǫÕ (see [3] ) with 2n 2n ¡ n 0 crossings obtained from ÔΓ, ǫÕ). For a state S È StÔΓ , ǫÕ, let clÔSÕ be the number of closed connected components and opÔSÕ be the number of open connected components (i.e. with two end points). Let r ÔSÕ, r ¡ ÔSÕ and r 0 ÔSÕ be the numbers of Θ 1 local splittings (Figure 2 .1) for positive double points, negative double points and vertical tangent points respectively to obtain S from ÔΓ, ǫÕ. Let's set:
iÔSÕ r ÔSÕ ¡ r ¡ ÔSÕ r 0 ÔSÕ kÔSÕ wÔΓ Õ 2iÔSÕ ¡ r 0 ÔSÕ. S , which depends of the signs of the components of S by:
We can now reformulate the polynomial of an OMS-divide Γ : (2.5)
SÕ always has the same parity as half the number of end points of Γ . We also have the inequalities:
3 Categorification.
Complex associated with an OMS-divide.
In this section, we define a graded complex of Z 2 -vector spaces 2 associated with a divide. We follow here Viro's approach of Khovanov homology for links [5] , based on the Kauffman state model for the Jones polynomial: the polynomial of a divide also have been defined in [2] by state model.
SÕ defines a grading on Ö ÖΓ× × i and we denote:
Now we define a differential on Ö ÖΓ× × to obtain a (finite) complex of graded Z 2 -vector spaces. If Ö S 2 is adjacent to Ö S 1 then: 
is now defined in the following way: the matrix of d i has coefficients defined by the incidence numbers Ô Ö
2 Here we choose Z2 -vector spaces for simplification to avoid signs. We can easily generalize taking for instance Z-modules or Q-vector spaces 
Proof. It suffices to verify all such diagrams:
corresponding to splitting two singular points are commutative. Since we have Z 2 -vector spaces, commutative diagrams induce the relations d i 1 d i 0. Notice that from the previous remark, we can strongly reduce the number of cases to check (see also the proof of proposition 3.5).
Alternative point of view.
Here we present an alternative (more algebraic) way to see the complex ÔÖ ÖΓ× ×, dÕ, in terms of Frobenius algebra: probably can we link complexes of OMS-divides with 1+1-TQFT (or more precisely with some 1+1-TQFT with symmetry property).
Let A : Z 2 Øv ¡ , v Ù be the graded Z 2 -vector space generated by two elements v ¡ and v such that degÔv ¡ Õ ¡1 and degÔv Õ 1. We define a commutative product µ 1 : A A A,
A and a non degenerate symmetric bilinear pairing β 1 : A A Z 2 by: (3.5)
The form β 1 induces a duality isomorphism A A ¦ and A is a commutative Frobenius algebra with adjoint co-product δ 1 : A A A and co-unit ε 1 : A Z 2 :
(3.6)
Let φ 1 : A A A A be the flip morphism: φ 1 Ôa a ½ Õ a ½ a, and A : A A the identity morphism. The morphisms µ 1 , δ 1 , η 1 , ε 1 are homogeneous with respective degrees ¡1, ¡1, 1, 1 and verify the relations of associativity, commutativity, co-associativity, co-commutativity:°²
The vector space A A has an induced structure of graded commutative Frobenius algebra with product, co-product, unit and co-unit :
Let B : Z 2 Øw ¡ , w Ù be the graded Z 2 -vector space generated by two elements w ¡ and w , degÔw ¡ Õ ¡2, degÔw Õ 2. Let's consider respectively the injection and surjection ı : B A A and π : A A B defined by:
Then B canonically inherits from A A of a structure of graded commutative Frobenius algebra with product, co-product, unit and co-unit µ 2 , δ 2 , η 2 , ε 2 with respective degrees ¡2, ¡2, 2, 2 satisfying : 
So we introduce the following definition: 
Now we translate the degree of tÔ Ö SÕ by kÔSÕ and we define:
Proposition 3.5. The map t : StÔΓ Õ CÔΓ Õ defined by 3.11 extends to an isomorphism of complexes: t : Ö ÖΓ× × CÔΓ Õ.
Proof. The incidence relations Tï , 1 i 5 of Figure 3 .1, 3.2 induce morphisms of Z 2 -vector spaces denoted by T i , which have degree ¡2:
(3.14)
and the incidence relations T 6 , T 7 of Figure 3 .3 induce morphisms denoted by the same letters T 6 , T 7 , which have degree ¡1:
More precisely, we have:
Using these morphisms, we transfer the differential on Ö ÖΓ× × to a differential on CÔΓ Õ. Notice according to remark 3.2 that T 1 is self-adjoint and that T 2 and T 3 (resp. T 4 and T 5 ) are adjoint. Moreover, T 2 and T 4 are injective whereas T 3 and T 5 are surjective. Also T 7 is surjective. The relation d ¥ d 0 induced by commutative diagrams (3.4) in the proof of proposition 3.3¨is recovered using the following relations: -symmetry properties:
-commutativity properties corresponding to the splitting of two double points:
-commutativity properties corresponding to the splitting of a double point and a vertical tangent point:
-commutativity properties corresponding to the splitting of two vertical tangent points: 
Review of basic facts about complexes.
We denote by HÔCÕ its homology:
(3.17)
A complex is acyclic if its homology is null. 
A morphism of complexes of Z 2 -vector spaces f : 
A morphism of complexes f : ÔC 0 , d 0 Õ ÔC 1 , d 1 Õ induces an isomorphism in homology if and only if ConeÔf Õ is acyclic. This is the case if f is a homotopy equivalence of complexes, i.e. there exist a morphism of complexes g : Proof. Immediate.
Since we are working with Z2 field, commutativity and anti-commutativity coincide so that we have equiv-
We also have notions of homotopy equivalence and strong deformation retraction for double complex. A morphism of double complexes 
If h 0, ÔC, d, Õ is called a strong deformation retract of the double complex ÔC, d, Õ with inclusion f and retraction g . Again, up to changing the homotopy h, we assume that it satisfies: hh 0, hf 0 and gh 0.
Now we extend the definition of cone to a finite sequence of morphisms of complexes. A double
n Õ be a -finite double complex. Let's denote:
.
Then the cone of Ô 0 , . . . , n¡1 Õ is the complex defined by:
ÕÕ.
Suppose that f
Ôf k Õ 0 k n is a morphism from a -finite double complexes ÔC, d, Õ to a -finite ÔC, d, Õ: ÔC
Then f induces a morphism of complexes:
If f k are isomorphisms, CÔf Õ is also an isomorphism. Proof
Let H ÔH i Õ iÈ Z be the sequence of linear maps defined by: 
induces a structure of double complex :
In the sequel, such a double complex will be called a splitting diagram of Ö ÖΓ× ×. Proof. Immediate from formula (2.5).
Khovanov homology of OMS-divides.
We can now formulate our main theorem:
Theorem 3.17. Khovanov homology of OMS-divides is invariant under M-equivalence.
Combined with theorem 1.2, we obtain:
Khovanov homology of OMS-divides is an invariant for strong equivalence of strongly invertible links.
Section 4 is devoted to the proof of this theorem. Notice that from proposition 3.16, this theorem 3.17 is a refinement of proposition 2.3.
3.6 Examples.
(1) Figure 3 .4 shows a divide for the link 3 1 , and its splitting diagram.
The associated complex and homology entries are: Figure 3 .5 shows a divide for the link 4 1 and its splitting diagram. The associated complex is:
and homology entries:
Divide for 3 1
Divide for 4 1 4 Invariance under M-equivalence.
Invariance under type I moves.
Let Γ and Ö Γ be OMS-divides which differ only by a type I move (see Figure 4 .1). [ [ Notice that Ö ÖΓ 00 × × Ö Ö Ö Γ 00 × ×. In other words we have:
Let's consider the "creation and destruction" morphisms (see remark 3.6): 
Moreover:
Proof. The morphisms d 1 andd 1 correspond to T 7 (see 3.15). Then the result is an immediate consequence of remark 3.6 (see also Figure 3 .1 and Figure 3. 3).
Proof of proposition 4.1. Consider the diagram:
Ö ÖΓ 00 × ×Ø3Ù ∆ 0 Ö ÖΓ 01 × ×Ø4Ù Ö ÖΓ 10 × ×Ø5Ù
where:
From lemma 4.2 and 4.3, we have:
Hense vertical arrows define a homotopy equivalence. From proposition 3.12, Ö ÖΓ× × ConeÔ∆ 0 ,
Invariance under type II move.
Let Γ and Γ 0 be OMS-divides which differ only by a type II move (see Figure 4 .4). 
Let's consider the "destruction and creation" morphisms of complexes (see remark 3.6) defined by Figure 4 .6. 
Proof (3.14) .
The lemma is a direct consequence of remark 3.6 (see also Figure 3 .1 and Figure 3. 2).
Proof of proposition 4.4. Consider the diagram:
From the previous two lemmas, Ö ÖΓ 0 × × is a strong deformation retract of Ö ÖΓ× × ConeÔ∆ 0 , ∆ 1 ÕÖ¡1× with retraction R, inclusion J , and homotopy ÔH 0 , H 1 Õ:
Hence from proposition 3.12 they have the same homology.
Invariance under type III move.
In this section, we only consider the case of move III . The case of III ¡ can be checked in a similar way: we have dual situations as is said in remark 3.2 and in the proof of proposition 3.5.
Let Γ 1 and Γ 2 be OMS-divides which differ only by a type III move (see Figure 4 .7). [ [ Let's denote C 0 Ö ÖΓ 000 1 × ×Ø6Ù,
where: 
Proof. We have a similar situation as in lemma 4.6: d 01 corresponds to T 2 or T 4 and d 11 corresponds to T 3 or T 5 in (3.14). The lemma is a direct consequence of remark 3.6 (see also The following sequence is a double-complex:
Proof. Since ∆ 1 ∆ 0 0, we obtain from lemma 4.9: Proof. Consider the diagram:
From lemma 4.9, we easily verify the relations:
So downward arrows define an inclusion map, upward ones a retraction and H 1 , H 2 homotopy maps of double complexes. We can apply proposition 3.12: Ô C is a deformation retract of Ö ÖΓ 1 × × so they have the same homology. Since the drawn parts of Γ 1 and Γ 2 in Figure 4 .7 also are symmetric with respect to horizontal direction, we deduce that twice the complexes Ö ÖΓ 1 × × and Ö ÖΓ 2 × × have the same homology as the complex Ô C .
Invariance under type IV moves.
Let Γ 1 and Γ 2 be OMS-divides which differ only by a type IV move (see Figure 4 .10). Before proving this proposition, we first introduce the following intermediate result. [ Figure 4 .12: Splitting diagram of Ö ÖΓ× ×.
Proof. With the same arguments as in the previous sections, using lemma 3.14 we have a splitting diagram of Ö ÖΓ× × (Figure 4 .12):
Let's denote:
Consider the creation / destruction morphisms of complexes (see Figure 4 .13): Let's define σ ½ Ôid τ d 00 Õσ : Ö ÖΓ 010 × ×Ø5Ù Ö ÖΓ 000 × ×Ø4Ù and:
Then we have a short exact sequence 0
Moreover, for the compositions Ö Ö Ö Γ × ×Ø6Ù
and consider the injection J and retraction R: Figure 4 .14 for retraction R). From (4.7) and (4.8), we easily verify the relations: 
Proof of proposition 4.12. Let Γ s 1 (resp. Γ s 2 ), s È Ø0, 1Ù be the cuspidal divides obtained by performing Θ s splittings at the left hand double point of Γ 1 (resp. Γ 2 ) in Figure 4 .10. Let's also denote, according to lemma 4.13, the cuspidal divides Ö Γ 1 1 (resp. Ö Γ From lemma 3.14, the differential
gives us the following cone:
From lemma 4.13, there exist strong deformation retractions :
So from proposition 3.10, Figure 4 .16).
[ [ [ 
Invariance under type V moves.
Let Γ 0 and Γ (resp. Γ ¡ ) be OMS-divides which differ only by a type V (resp. type V ¡ ) move (see Figure 4 .18). 
Invariance under type VI moves.
Let Γ and Γ (resp. Γ ¡ ) be OMS-divides which differ only by a type V I (resp. type V I ¡ ) move (see Figure 4 .23).
( ) We will break down the proof in two steps: the result is an immediate consequence of the following two lemmas. Then Ö Ö Ö Γ × × is a strong deformation retract of Ö ÖΓ× ×.
Proof. Let's apply lemma 3.14 to Ö ÖΓ× ×. We have a splitting diagram :
Then from proposition 3.12, Ö Ö Ö Γ × × is a strong deformation retract of Ö ÖΓ× ×. 
